We explore the impact of thermal fluctuations on nanofluidic transport. We develop a generic description of the stochastic motion of a fluid confined in a nanopore, on the basis of the fluctuating hydrodynamics framework. The center of mass of the confined fluid is shown to perform a non-Markovian random walk, whose diffusion coefficient depends on the nanopore geometrical characteristics and boundary slip at its surface. We discuss the implications of this Brownian-like motion of hydrodynamic degrees of freedom in two different contexts. First, we show that hydrodynamic fluctuations can lead to a strongly enhanced diffusion of particles confined in a nanopore. Second, we extend our results to account for the hydrodynamic contribution to electrical noise in charged nanopores.
Introduction.-It is a general statistical rule that fluctuations play an increasingly important role as the size of a system decreases [1]. This is not only the case for static observables, such as density, pressure, or energy, but also for dynamic transport processes, which are affected by finite-size effects in small-say, nanoscale-environments and may deviate from their bulk behavior. Here, we explore this question in the context of nanofluidics [2] [3] [4] . This emerging field aims at manipulating the transport of fluids in channels with nanoscale dimensions, with a broad range of applications [4] , from flow and transport through carbon nanotube membranes [5] and slit-like nanochannel devices [6] , to the translocation of macromolecules through solidstate nanopores [7] , or the complex transport properties of aquaporins or transmembrane ionic channels [8] .
The impact of fluctuations on transport has been barely studied up to now in nanofluidics. On the experimental side, Smeets et al. have characterized current noise in solid-state nanopores, with the aim of optimizing detection efficiency during translocation events [9] . On the theoretical side, the question has also been considered for singlefile water transport through carbon nanotube [10, 11] , as well as in the context of capillary dynamics, notably for the breakup of fluid nanojets [12, 13] and thin film dewetting [14, 15] . Whereas thermal noise was shown to have drastic effects in those situations, its influence on hydrodynamic flow inside a nanopore remains unexplored. If strong fluctuations are intrinsically expected for single-file transport due the concerted nature of motion [11] , the effect of thermal fluctuations should pertain to fluids confined in larger, nanometric pores. It is particularly crucial to account for such effects, as current approaches for transport inside nanopores, such as the Poisson-Nernst-Planck equation for ion dynamics [3] , are typically mean-field descriptions that omit such fluctuating contributions.
In this Letter, we address the effect of thermal fluctuations on flow confined at the nanoscale. Using the framework of fluctuating hydrodynamics, we show that the fluctuations of the hydrodynamic degrees of freedom lead to a non-Markovian random walk of the center of mass of the confined fluid. The latter is characterized by a diffusion coefficient that depends on the length and diameter of the pore, as well as on the slip length at the surface of the nanochannel. We then discuss the implication of the results in two contexts: (i) the diffusive transport of suspended species, which may be strongly enhanced, and (ii) the contribution to the electrical noise in charged nanopores. We find that the contribution of thermal fluctuations is especially significant when slippage is large, as for water in carbon nanotubes.
The situation of interest is shown schematically in displacement of its center of mass. This phenomenon is readily observed in molecular dynamics simulations, not only for the extreme case of single-file motion [10] , but also for larger pores as shown in the Supplemental Material [16] .
For concreteness, let us assume a cylindrical nanopore with radius R and length L, and filled with an incompressible fluid of density and dynamic viscosity ¼ . We first consider the simple case of a closed, periodic nanopore; the end effects will be reintroduced and discussed below. As a first, naive approach, one may expect that the center of mass (c.m.) velocity v can be described by a simple Langevin equation,
with m ¼ R 2 L the fluid mass, and F R a delta correlated random force satisfying the fluctuation-dissipation theorem hF R ðtÞF R ðt 0 Þi ¼ 2k B Tðt À t 0 Þ. The friction coefficient can be estimated from the friction force acting on the pore surface for a fluid moving with velocity v. A simple calculation based on a Poiseuille flow, with, for the moment, no-slip boundary conditions, yields ¼ 8L. However, the estimate of typical relaxation times in the pore points to an intrinsic flaw in the previous Langevin description. Indeed, the time associated with the velocity relaxation can be found from Eq.
(1) as v % m= $ R 2 =. Now this should be compared with the hydrodynamic time scale, h % R 2 =, required for the momentum to diffuse over the cross section of the pore. This is the time to build up the stationary friction force F f ¼ Àv. From the previous estimates, one gets v % h , so that there is no time scale separation and the Langevin equation, Eq. (1), must be replaced with a generalized Langevin equation, where a memory kernel takes into account the non-Markovian nature of the c.m. motion. Therefore, a complete treatment of hydrodynamic fluctuations inside the pore is required in order to describe the c.m. motion.
Fluctuating hydrodynamics for mass transport.-To capture the fluctuation effects in a generic theoretical description, we rely on the framework of fluctuating hydrodynamics (FH). The FH approach supplements NavierStokes equations with a stochastic forcing chosen so as to satisfy the fluctuation-dissipation theorem [17] . It has proven useful to compute, for instance, the scattering spectrum for fluid at equilibrium or out of equilibrium [18] , or the break up of nanojets [12] . In applying FH to confined systems, we take advantage of the remarkable robustness of the continuum description, which remains valid down to a surprisingly small scale, typically around 1 nm [19] [20] [21] . For an incompressible fluid, FH equations for the velocity v read (in the Stokes regime)
S is the random stress tensor, which is symmetric, of zero mean, and with correlations hS ij ðr; tÞS kl ðr 0 ; t 0 Þi ¼ 2k B Tð ij kl þ il jk Þðr À r 0 Þðt À t 0 Þ. The flow is assumed to be unidirectional along the channel axis (x axis), i.e., vðr; tÞ ¼ vðr; ; tÞe x ; such an assumption keeps calculations tractable and is justified for R=L ( 1. We consider the average velocity in a layer at radius r, uðr; tÞ ¼ 1 2 R 2 0 vðr; ; tÞd. We furthermore include the possibility of a slippage effect at the channel surface, as occurs, e.g., for flow in carbon nanotubes [5, 22] . Slip boundary conditions are imposed at the channel wall, that is uðR; tÞ ¼ Àb@ r uðr; tÞj r¼R , where b is the slip length-the distance within the solid where the velocity extrapolated linearly from the wall would vanish [4] .
The basic quantity to describe the fluid motion is the velocity correlation function Cðr; r 0 ; tÞ ¼ huðr; tÞuðr 0 ; 0Þi. From FH equations, one finds that Cðr; r 0 ; tÞ satisfies
CðR; r 0 ; tÞ ¼ Àb@ r Cðr; r 0 ; tÞj r¼R ;
where Á r ¼ 1 r @ r ðr@ r Þ is the radial part of the Laplacian. Those equations can also be established from Onsager's regression hypothesis or by applying the fluctuationdissipation theorem directly to the system of interest. Equations (3) and (4) define a diffusion problem whose solution can be found in a different context in Ref. [23] . For compactness, instead of the solution Cðr; r 0 ; tÞ, we express its Laplace transform with respect to timeCðr; r 0 ; !Þ,
where I p and K p are the modified Bessel functions of order p of the first and second kind, respectively. Equation (5) applies only if r < r 0 ; otherwise, r and r 0 should be interchanged.
From Cðr; r 0 ; tÞ, one can derive the properties of the fluid c.m. motion. Its c.m. velocity is " uðtÞ ¼ 2 R 2 R R 0 uðr; tÞrdr, and its correlation function CðtÞ ¼ h "
uðtÞ " uð0Þi has a Laplace transformCð!Þ given bỹ
Equation (6) indicates that CðtÞ is not a simple exponential expected for uncorrelated noise, as obtained from the above simple Langevin equation, and that the fluid relaxation results in non-Markovian effects. However, a small ! 
Equation (7) The previous results can be further extended to the geometry of a nanochannel with open boundaries. In this case, one should account for the friction associated with the end effects. As discussed in Refs. [24] [25] [26] , the end friction coefficient associated with fluid flowing in and out of a cylinder can be approximated by end % 3 2 R [27] . Altogether, the friction coefficient is therefore expected to be ¼ L þ end so that Eq. (7) is replaced by D ¼ k B T=ð L þ end Þ, and one gets
Depending on the relative values of end and L , two regimes emerge separated by the crossover length L c ¼ 2 R, the c.m. diffuses like a particle with effective diameter R ¼ R=2. For nanochannels with a diameter in the nanometer range, say 1 nm, this corresponds to the diffusion coefficient of a particle with size 1.5 nm in water (D ' 3 Â 10 À10 m 2 =s), which is comparable to that of small molecules such as sugar.
Enhanced diffusion of nanoparticles in nanometric pipes.-An immediate consequence of the previous analysis is that nanosized particles confined in nanochannels will exhibit an additional diffusion originating from the fluctuating center of mass [28] . Let us consider a particle of radius a, confined in a cylindrical channel. For a & R, the motion is essentially one dimensional. One may consider that the particle velocity vðtÞ results from the plain superposition of two processes: (i) the motion of the particle with respect to the fluid, vðtÞ ¼ vðtÞ À uðtÞ, which superimposes on (ii) the global motion of the fluid c.m. uðtÞ, which is not supposed to be frozen here in contrast to usual assumptions. Accordingly, the resulting particle diffusion process is the sum of the two previous diffusive processes. If D 0 denotes the particle diffusion coefficient-assuming zero c.m. motion-and D the c.m. diffusion coefficient discussed above, the apparent diffusion coefficient is thus D ¼ D 0 þ D. Hydrodynamic c.m. fluctuations do enhance the bare diffusion coefficient of the suspended species.
To gauge the magnitude of this effect, one needs the diffusion coefficient D 0 of particles confined in pores, whose calculation has been the object of many works, starting with Faxén [30] , and subsequently generalized to more general situations by various authors (for examples, see Refs. [25, 31] ). For instance, the Renkin formula [31] , accounting for both hydrodynamic friction and steric hindrance at the entrance, takes the form D 0 ¼ D SE ða=RÞ with D SE ¼ k B T=6a, the Stokes-Einstein formula, and the hindrance correction factor is ðxÞ ' ð1 À xÞ 2 ð1 À 2:104x þ 2:09x 3 À 0:95x 5 þ Á Á ÁÞ. Let us first assume no slip b ¼ 0 and L > L c ' R, so that the c.m. diffusion is given in Eq. (7), with D $ k B T=L. Depending on the nanopore length L, this estimate is expected to be quite small for large L, but still can be much larger than the strongly hindered bare diffusion D 0 in the strong confinement situation when the size of the particle is close to the nanochannel radius, a ' R. To give an example, for a particle with diameter 1.5 nm confined to a nanopore with length L ¼ 10 nm and diameter 3 nm, one estimates D 0 % 1:3 Â 10 À11 m 2 =s using the Faxén-Renkin formula, while D % 1:6 Â 10 À11 m 2 =s, so that both contributions are of same order. In such strongly confined situations, the global hydrodynamic fluctuations of the c.m. strongly contribute to the apparent diffusion of species.
On the other hand, when slippage is very large b ! 1, as was measured, e.g., for water inside carbon nanotubes, [5, 10, 22] , then L < L c and D is dominated by end effects,
2 R. Now, slippage at the pore surface leads to a bare diffusion coefficient D 0 , which is larger than the above Faxén-Renkin formula (for example, see Ref. [32] ). However, in a cylindrical pore, the value for D 0 with slippage is found to be always smaller than the bulk Stokes-Einstein prediction, even in the perfect slip limit b ! 1. This counterintuitive result is due to the necessary recirculation of the fluid around the particle inside the confining cylinder [32] . Altogether, this suggests that the Stokes-Einstein estimate D SE is an upper bound to D 0 . Thus in the limiting case b ! 1, one gets D=D 0 $ a=R, showing that both contributions are of the same order of magnitude in strong confinement with a ' R. Overall, a conclusion from this study is that c.m. fluctuations can strongly enhance the diffusion process of molecules in nanoconfined fluids.
Charge transport and hydrodynamic fluctuations.-We now turn to a second physical situation and consider the effect of hydrodynamic fluctuations on ion dynamics in nanopores, a situation that is particularly relevant to electric transport in solid-state and transmembrane nanopores. In a nanopore, ions will be subjected to the hydrodynamic fluctuations of the fluid degrees of freedom. This should be reflected accordingly in the properties of electrical noise in the nanopore. We discuss briefly this effect by calculating the corresponding contributions to intensity power spectrum hI 2 ið!Þ. Let us consider a nanopore with a surface charge eAE s (AE s in m À2 ). The current can be separated into two parts: the contribution of the ions I ion ¼ R dS e v i , and the contribution of the fluid degrees of freedom I f ¼ R dS e u. Here, u is the fluid velocity, v i is the ion velocity with respect to the fluid, e is the charge distribution, and the integral is over the cross section S of the nanopore. We introduce the current correlation function C I ðtÞ ¼ hIðtÞIð0Þi, its Laplace transformC I ð!Þ, and the power spectrum hI 2 ið!Þ ¼C I ði!Þ þC I ðÀi!Þ. The contribution of the ion current, I ion , to these functions can be simply evaluated. For instance, assuming monovalent ions with mobility and concentration c s , and no overlap of double layers, one gets
in agreement with Nyquist relationship. We focus now on the current I f and its contribution to the power spectrum. For simplicity, we consider the case of a Debye-Hückel double layer, with charge distribution e ðrÞ ¼ eAE s = D I 0 ðr= D Þ=I 1 ðR= D Þ, where D is the Debye length [33] . Except explicitly stated, we will first omit end effects in order to simplify the discussion. An analytical expression forC I f ð!Þ can be obtained for an arbitrary pore radius R, slip length b, and Debye length D , and is reported in the Supplemental Material [16] . Its general expression is quite involved and here we discuss two physically important limiting cases. We report only the low frequency limit of the power spectrum hI 2 f ið!!0Þ and the crossover characteristic frequency ! 0 , as obtained from a small-! expansion of the spectrum.
A simple situation is that of large double layer, D ) R, thus exhibiting a strong Debye layer overlap, so that the charge distribution is homogeneous and one recovers the case of mass transport treated above. More specifically, C I f ð!Þ ¼ ðeAE s P Þ 2C ð!Þ, whereCð!Þ is given by Eq. (6) and P ¼ 2R is the pore perimeter. Accordingly,
where D is the c.m. diffusion coefficient given in Eq. (7) 
and the crossover frequency is ! 0 ¼ 2=bR. These results can be understood in the context of the Nyquist relationship, relating the power spectrum to the pore conductance. Assuming that the nanopore electric resistance is the dominant contribution to the impedance, then one indeed expects that hI 2 ið0Þ ¼ 2k B T=R el , with R el the electric resistance of the nanochannel. One may then verify that the hydrodynamic fluctuation contributions to the power spectrum hI 2 f i obtained above do identify naturally to the electroosmotic contribution to the conductance, whereby the global electro-osmotic velocity under an applied electric field conveys the Debye-layer excess charge, including the slip-induced contribution, as recently put forward [4] . Altogether, the hydrodynamic fluid fluctuations do contribute significantly to the current power spectrum, in particular for large slippage, b=R ) 1.
Conclusion.-We have explored the impact of hydrodynamic fluid fluctuations on the transport of mass and charge in nanopores. We have shown that the fluctuations of the fluid degrees of freedom, which are usually neglected, result in a new contribution to transport processes whose order of magnitude becomes of primary importance in nanopores. Such behavior is expected to impact nanofluidic transport phenomena in general. On the numerical side, lattice Boltzmann simulations appear as the tool of choice to explore such fluctuation effects, since the thermal fluctuations can be switched on or off [34] , allowing us to unambiguously identify their contribution to transport. Several other perspectives may be foreseen for the future, including the impact of c.m. fluctuations on single-file transport of strongly confined particles, with applications to ion transport in molecular pores, as well as the generalization of these results to translocating molecules with length comparable to that of the pore [35] . While the role of hydrodynamic correlations in translocation has been demonstrated out recently by lattice Boltzmann simulations [36, 37] , the interplay between hydrodynamic correlations and fluctuations in such processes remains to be unveiled and opens new interesting perspectives. Work along these lines is in progress.
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